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String Field Theory

» SFT should reproduce the scattering amplitudes calculated by the

first-quantized formalism.

I

worldsheet
¢ )

» For bosonic strings, there are several SFT's which are shown to reproduce the

first quantized results.

» Light-cone gauge SFT, Witten’s cubic SFT, Zwiebach’s closed SFT



Supserstring Field Theory

» For superstrings, there are no such SFT’s yet.

» This is because the superstring amplitudes calculated by using SFT’s usually
involves picture changing operators (PCO), but the way to calculate

amplitudes using PCQO's has not been well-understood until recently.

» Recently, developing the techniques by Saroja-Sen and Sen, Sen and Witten

have given a prescription to calculate superstring amplitudes using PCO'’s.
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In this talk

| would like to explain that using light-cone gauge SFT for superstrings (NSR

formalism)
» it is possible to calculate multiloop amplitudes
» the results coincide with those obtained by Sen-Witten prescription

» NS-NS sector external lines, even spin structure

a generalization of the works done with



§1 LC gauge super SFT
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§3 d — 10

84 Conclusions and discussions
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§1 LC gauge super SFT

§1 Light-cone gauge super SFT

LC gauge SFT for Type Il superstrings (NSR)

heterotic strings
s/

> string field:® [¢,p™, X' (0)] (¢t =2™)

3 " + (Ramond sectors)
p

lq). (i&t—mLO_l><I>+g<I>~(<I>*<I>)

» three string vertex @3
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Feynmn rule

»> propagator

> vertex

\
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§1 LC gauge super SFT

Feynman diagram

The worldsheet can be mapped to a closed Riemann surface with punctures.

4
p(z) = Y piin(z-2,)

» V.isat 2 = Z,

» z; (I =1,2): interaction points (9p(zr) = 0)



§1 LC gauge super SFT

Feynman diagram

Using the map, the amplitude can be expressed in terms of the vertex operators

» The worldsheet theory is with ¢ = 12 # 0, and we have an anomaly factor

e T,
/de9<

) X gt
H (82 4 GLC ZI H VLC> 67]‘

I=1

Channels



§1 LC gauge super SFT

General amplitudes

N
)= _pt

r=1

Zy
nE(z2,)— 2771/ ImQIm/ ]

E (z,w) : prime form~ z—w
w : Abelian differential
Q :  period matrix
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§1 LC gauge super SFT

General amplitudes

/I;Idt-_r E%‘ .,—_..

> /I;Idl,z

29—24 N , 9 N Xi’wi
FICHEES /Hdt1< II ‘(32P)_ZGLC (z1) HVTLC> e’
Channels z I=1 r=1
1 NESS 2g_24+N 1 -3
- «H[ TMob ) B eNE] ] [(gzﬁ)‘i}a%@ﬂl }
I=1
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§1 LC gauge super SFT

Contact term divergence

/ dTdf

T

(%0) 1 GMC (2)

[1

2
I=1

5 4 X i
H VTLC> 671"

r=1

AN = ¥ /de9<

Channels

» When z; and 2 come closed to each other the integral diverges. @

» General ampllitudes also diverge.

We cannot calculate even the tree level amplitudes.
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§1 LC gauge super SFT

Remarks

» Witten's cubic SFT for superstrings also suffers from this problem, but there
are several ways to avoid this problem. (modified cubic, Berkovits,

Erler-Konopka-Sachs, ...)

» In the case of multiloop amplitudes, this divergence corresponds to the

so-called spurious singularities in the superstring perturbation theory using

PCO's. €@
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§1 LC gauge super SFT

Remarks

» Witten's cubic SFT for superstrings also suffers from this problem, but there
are several ways to avoid this problem. (modified cubic, Berkovits,
Erler-Konopka-Sachs, ...)

» In the case of multiloop amplitudes, this divergence corresponds to the

so-called spurious singularities in the superstring perturbation theory using

PCO's. €@

In the case of LC gauge amplitudes, all we need to deal with are the contact

terms.

We will do so by dimensional regularization.
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§2 Dimensional regularization

§2 Dimensional regularization

Light-cone gauge SFT can be formulated in any d @&

Lo+ Lo — 42
S_/l;@(iat—(m)qwg@-(m@

o 3 + (Ramond sectors)

> LC gauge SFT is a completely gauge fixed theory.

» The Lorentz invariance is broken.
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§2 Dimensional regularization

Amplitudes

A= /deH

X’i,dli

2 N 1—2
[T vie o L52T

r=1

29— 2+N 5
ALC = Z /Hdt1< ‘(82;7)71 GY© (z1)

Channels

I=1

» The amplitude is modular invariant.

15 /53



§2 Dimensional regularization

Contact term

IO R 2
((‘?Zp) 4GL(’(Z,)

A= > /de9<H

Channels I=1

» For z1 ~ 29

_d=2_
A}ic ~ /d2 (2’1 — 22) |Zl — 22| 8 >

By taking —d to be large enough, the integral is convergent.
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§2 Dimensional regularization

Contact term

NG /Hdl,z
s
29—2+N s 2 N X't Vs
Af¢ = » /Hdtz< 11 ‘(82;)) TG En| ] VTLC> e” s L
Channels z I=1 r=1

» When n of z; come close to each other
LC 2 n n— 1)+ n 7—n74
A~ [z

We can regularize the divergence by taking —d large enough.

17 /53



§2 Dimensional regularization

Simple dimensional regularization does not work

29—2+N . 2 N X't s
Af= Y /Hdtz< [T [ T Hv}@> 4T
Channels z I=1 r=1

» The integrand includes the fermion partition function
d—2 d—2
(29)" 7 o (9[e] ()"
» Taking —d large, the integrand has a singularity similar to the spurious

singularity of the second type.
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§2 Dimensional regularization

One can avoid this problem

» What actually matters is the Virasoro central charge ¢ rather than the
number of the spacetime coordinates
XL,¢L

/Hdtz< va> ——

» By taking the worldsheet theory to be for example

29— 2+N
‘(82 )% GLC (21)

I=1
Xt SU(2)super WZW x 2M (i), éyé:’?) x 3M
e= 12+ (S +3) <2+ (3)x3M

where (E, é,&&) are of weight (1 0, é, 2) the fermion partition function is

always (Z""s")g instead of (Z"f”‘/‘)dle
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§2 Dimensional regularization

Remarks

» The dimensional regularization works also as a IR regularization for strig

theory

1 Lo+ Lo — 2
2P <i5)7_(m>q>+gq>.(q>*q>)1

5= / 2 pt
O )U 2~y Q%T
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§3d — 10

83 d — 10

» The contact term divergences are regularized by considering the theory in d

dimensions.

» We can define the amplitudes for —d large enough and analytically continue

d to 10.
» We would like to know what happens in the limit d — 10.

» If the limit diverges, we need to add counterterms.
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§3d — 10

d— 10

With the help of the work by Sen and Witten, we can show that the limit d — 10

is smooth, assuming

> the superstring perturbation theory is without the IR divergence coming from

the boundary of the moduli space

» NS-NS external lines, even spin structure (parity nonviolating amplitudes)



§3d — 10
Dimensional regularization

Even for d # 10, following the same procedure as that in the critical case

2g—2+N . 2 N X't i
AIJC = /HdtI < H (3)2/))7Z GMC (21) H VTLC> e 16 L
I =1 r=1

2924 N XH M ghosts

N
/Hde <Hf (nxb+axb) [ XGoxeo]] v:onf->
K K I=1 r=1

but with a nontrivial CFT for X*, ¢ (X* CFT).
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§3d — 10

X= CFT

d—10

1 _ _
Sy+ = _2—/d2zd0d6 (DXTDX~ + DX DX™T) + Tsuper [@]
™

X+ =g 4 igypT 4+ 09T +i0oF*
1 _ s _ ~
Pansper [2] = == / d22d9af (DODD + 005.: RP)
™

2

® =1 loxt  ODXTDX*
=In _—
(0x+)*

—Ing.z

» This theory can be formulated in the case (9, XT) # 0.

» In the case of the LC gauge amplitudes, we always have

[Te X" (pf #0) and (9, X*) #0.
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§3d — 10

X* CFT
V[ o o d—10
Sx+ = 5 d*zd9df (DXTDX~ + DX DX1) + Tsuper [®]
T(z,0) = G(z)+0T(2)
1 1 -1
= 5:8X+DX7(Z):+5:DXJFBX*(Z):—d OS(Z,X+)

» It is a superconformal field theory with ¢ = 12 — d. @

» The worldsheet theory becomes BRST invariant

X+ Xt ghosts
¢ = 12—d + d—2 - 10 = 0

25 /53



§3d — 10

BRST invariant worldsheet theory

2g—24N XH pH ghosts

N
ALC = /Ml;([de<1;[f(pr+pKE) 1131 X(ZI)X(EI)J:‘[IVTCOM.>

_ LC
- /wd
M

> This expression is well-defined with —d large enough.

» With the BRST invariant worldsheet theory, it is also possible to calculate

amplitudes following the prescription by Sen and Witten.
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§3d — 10

With a BRST invariant worldsheet theory

One can define amplitudes using PCO.
» Divide the moduli space M into polyhedra M“.

» In each M“, put the PCO’s avoiding spurious singularities.

» The amplitudes are given in the form
ASW _ Z/ w® +Avertical
~ J M

where Avertical i given as a sum of integrals over M and their

submanifolds.
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§3d — 10

ASW for dimensionally regularized amplitudes

2g—24N XH pH ghosts

N
ALC = /Ml;([de<1;[])[(yKb+pKE) 111 X(z,)X(z,)J:‘[IVTConf.>

_ LC
- /wd
M

By putting PCO's at z = z; except for those polyhedra (M) which include the
spurious singularities,

AEW — i wilJC 4 2 /~ oo _,’_Avertlcal
M=, Me ~ J R~

» ASW does not depend on the way to choose M®.

» A5W is analytic in d and the limit d — 10 is smooth.
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§3d — 10

SW _ ALC
Ad _Ad

ASW _ ] w(IZC_’_E :‘/~ (:Joc_’_Avertical
M=3" M= o JMe

For —d sufficiently large, taking the limit where the sizes of M go to zero

IMG w® —0
Avertical =0

LC LC _ »gLC
fM—Za iewis = fywit = A

and

SW _ 4LC
Ag™ = Aq
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AEW — A{_iC

for sufficiently large —d and the limit d — 10 for ASW is convergent. Therefore

the limit d — 10 for the dimensionally regularized amplitudes are finite and
coincides with the amplitude A$)Y

«Or «Fr o«

DA
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§5 Conclusions and discussions

» Dimensional regularization of the light-cone gauge super SFT can be used to

reproduce the results of the first quantized formalism.
» Dimensional regularization in Witten's cubic SFT?

» Nonperturbative calculations by SFT?
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Jump

Three-string vertex @z

2nlpf |
2mlpf|

S S —

/]

GLOGLC -
2np} - )

Ou, m) W 0s, (01

The total central charge is 12 and we have to include the anomaly factor

d 3 -1 -3, =3_,»d
/@1 - (Do x P3) /dt H <p1‘ P ) F) (z pf) (IJTp;rp*) 2 e + 1

x(Joro | 165 () @ (o)

+ 1.1‘;#‘

X p 'h100s (1,a1)p h2 0 Oay(rian)p ‘hao Oq>3(t,a3)>C
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Jump

Anomaly factor @z

29—2+N . L

_ _ _1 _ReNTT 1 1

e FO(H {arl(gérzr) Ze RNOO} H [(gifz) 5 |82,0(Z[)| 2:|
r=1 I=1

» r=1,..., N label the punctures

» I =1,...,2g — 2+ N label the interaction points, where dp(z;) = 0.

v

g2 Arakelov metric on the surface

> Nig = L (p(z10) — limasz, (p(2) = pf In (= — Z,))

p
r-th external line

Zr(r)
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ALC /dea <f[

Channels

For z1 ~ 2o
GHC(21)GH (22)
9?p(z1)
-

e

dTdo

d2z—z z—z‘l
/ 1 2|1 2»45»4

(9%0) ™ G1C (21)

Xi,’l/)i
H VLC> C_F

r=1

(21— 22) 73
z1 — 29
|21 — 22| 7!

d? (21 — 22) |21 — 22|*

it
v

a

it
v

A
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Jump

Three-string vertex Gz

2nlp|

J e |\ 2l

2rlpi

N
/i

The total central charge is 3 (d — 2) and the anomaly factor becomes

3 + o+ 3
/¢1A(<1>2*<1>3) = /dtH(pTng)&(pr)

X p hio qu(t,al)/flhz o Oq>2(t,a2)/771h3 0 Oggyt a3)>
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Jump

Conformal gauge expression

The light-cone gauge amplitudes can be recast into the conformal gauge one.

2g—2+N . 2 N Xt
ALC — Z /Hdtz < H ‘((‘92/))71 GLC (ZI) H VrLc> e T
Channels z I=1 r=1
29—24+N N XH pH ghosts
= / Hde <H%(u}(b+u1(b) H X(Z])X(Z[)HVTCOnf,>
Mg K I=1 r=1

> X(2) = —e?G + cO¢ + i@bne%’ + i (287762925 + n862¢): picture changing
operator (PCO) @&

» M: moduli space of the Riemann surface
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Jump

Conformal gauge expression

The amplitudes from first-quantized formalism has the form

The light-cone gauge amplitude corresponds to a specific way to put the PCO'’s
on the worldsheet.

XH 4t ghosts

2g—2+N N
ALC / Hde <H?§ (MKb"r ﬂKB) H X(21)X(21) H VTConf.>
™ K K I=1

r=1

37/
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Jump

Spurious singularities

The way to calculate superstring amplitudes using PCO’s suffers from spurious

singularities.

Superghost correlation function (holomorphic part) @€»
(I @ T1e* =)

= 1 ) H—;,T»E(Zivzr) _ 7,G(ZT)2
O] (X zi =X Zr —28) Tlis; B(2i,2) 15 E(Zr, Zs) Tl 0 (2:)°

38/53



Jump

Spurious singularities

<H e? (2;) H e ? (Z7.)>

. 1 ) [L . E (2, Zr) ' HTO'(ZT)2
0[0] (Czi =3 Zr —28) Tlis; B (20,2) [pss B (Zr, Zs) 10 (1)

Two kinds of singularities

Zi = Zj

Vel Oz —> 2, —20)=0

At these points, the gauge fixing is not good.
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Jump

Spurious singularities

» z; = z;: PCO’s collide
> da] (O 2z — > Z, —2A) = 0: no interpretation in terms of local operators

The contact term divergence of A™C corresponds to the first type.
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Jump

A involves no singularities of the second type @z

ALC

29— 2+N Xt
> /Hdt1< (8%p) G0 (2p) HVLC> et

Channels I=1

/Hde <H?{ (urb+ mrb) Q‘Qﬁ' X(20) % (21) ]___[ yconf. >

XH 2 ghosts

» The first line involves no 37 system.

» In the second line, ¥ [a] (0) which comes from the Z¥ cancels

1 1
Dol (X2 — X Zr —28) — 0a](0)

What we have to deal with is only the contact term problem.
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T(z,0) = G(z)+0T(2)

1
2

S(z,X"")

ot

z

d—10
1 S

920+  20DOTsO+
DO+t (De+)?
DXt

(9x+)%

(2,0)

o 0

2 192
60+ 0z

«O>» «Fr « > =

>

:0XTDX™ (z): +% :DXVYOX ™ (z): ———S (2, X ™)

DA
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Jump

X= CFT

One can calculate the OPE's:

xt (@) xt (z’)

xt (z)x— <z/>

~  regular

2

|

~ ln‘z—z,‘

_ _ d—10| 6—6" 3Dpxt
X (z2) X (z/) ~ - z,>3 (ax+)3 (z,)

4

1 1 49DxtDxt ( ,)
(=-2)2 |2 (ox+)? (ox+)* *
0 -0 aDxt 502x+tDx+t )
_ _ z
(z —2')?2 (8X+)3 2(ax+)4
N 1 _ a2xt 202pxtpxt  sa2xtepxtpoxt ( ,)
s\ 2(oxt)’  (oxT)" (ox+)° :
o—o [ a2px+t N 302xtopxt B a3 xtpxt
z—2 | 2(oxt)’ 2<0x+)4 2 (ax+)?
(2xT)?px+  92pxtepxtpxt ,
+ 5 - 5 (<)
(o7 ox7)
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From these, it is possible to prove

, 12—d o—0 3, 11
T@T @)~ s+l @)

-DT
z—127'2
T (z) satisfies the super Virasoro algebra with ¢ = 12 — d.

0—0
!/ !
() + =0T (2

«O>r «Fr «E=>»

«E)»

DA
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Jump

Superghost correation function €

Verlinde-Verlinde
<H e? (z1) H e ¢ (Z7.)>

N 1 . IL.,. B (26, Zr) Lo (Z)’
I (Sz — 2 Zr —20) 1o, B Gz [Looa B (Zrn Z5) 1,0 (20)2

9 [a] (Z z; — Z Zy — 2A) :  Riemann’s theta function

o(z) : a holomorphic % form
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Backup

Amplitudes from the first-quantized formalism

A = Z [dgmnandXMd¢u] e !

ViV
superrep. X superWeyl ! N

worldsheet

> / []dma H dno [dX*dypH dbdedBdr)

worldsheet o

ety VNHBQHWG

space of gin,xa
superrep. xsuperWeyl

=supermoduli space of superRiemann surface

> Mmg.7.: coordinates of the supermoduli space @D

» B,,0(B,): antighost insertions to soak up the zero modes

9 Qrep,
b= [P —p
Mo
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Backup

Picture changing operator

oter

If one takes 7, so that = 62 (2 — 2,) and integrating over 7, we get

A > / I dma Hdnd [dX " dy" dbdedBdr)

worldsheet a

e etV Uy [[ B T 0 (80)

> / [ dma [dx"dy* dbdcdBdy]

worldsheet a
1V [ Ba [T (20)
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Backup
Picture changing operators €

. Orep.
dgfnd =62 (2 — 2,) we get the amplitudes with picture changing

» Taking

operators inserted.

X (z2(m))

./.I;Idyn}\» ................
Orep.
» We can freely take z, as long as 8857]; (c=1,---2g — 2+ N) span the

space transverse to the symmetry orbits. It is a “gauge choice”.

superrep. x superWeyl m Xa)

(gpan (msm), xg (m,m))
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Backup

First-quantized formalism @

Worldsheet action
1
] = 87/d20'\/§[gmnamXHanXu _iw”’yTnam'(/)u
i
TN ) 1 pwa b
—yPHyty XaamX,u + 1 (1/1 v Xa) wau

> X gravitino field on the worlsheet

> superreparametrization invariance and super Weyl invariance

Amplitude

[dg,,mdxadX“dd)”] -1
A= ViV,
Z / superrep. X superWeer ! N

worldsheet
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Backup

First-quantized formalism

Imny X
superrep. X super Weyl ML 2

A A A A

rep.

] | (gimn (m,m), xg™ (m,m))

Ne: odd moduli (Grassmann odd)EXED
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Backup

Picture changing operator

A convenient choice is X7’ = 62 (2 — 2,) and % = 3, 1562 (2 — z,)
5o = [ @B =5 (ea)
Iy = ~~~+/d22XZG—I’+ZnU
@D

/ [ dma [ [ dno [dX*dy* dbdedBdy]

eflgAf.Vl A VN H Ba H 0 (50)
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Backup

Picture changing operator

A convenient choice is X7’ = 62 (2 — 2,) and % = 3, 1562 (2 — z,)

by = / B0 = B (20)

Iy, = /dQZXQG =1+ Z%G z

/ [ dma [ [ dno [dX*dy* dbdedBdy]
x e tso vV [ Ba [] 6 (82)
o / [ dme [dx" dy* dbdedBd]

1 VNHBOLH(é(ﬁ)G+)(ZU)
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Backup

Picture changing operator

A convenient choice is X7’ = 62 (2 — 2,) and % = 3, 1562 (2 — z,)
5o = [ @B =5 (ea)
Iy, = -+ /dQZXZG =1+ an
@D

/ [ dma [ [ dno [dX*dy* dbdedBdy]
el vV [[ Ba [0 (80)
o / [ dme [dx" dy* dbdedBd]

vV [[Ba T X (20)
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