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Introduction
®0

Light-cone gauge SFT (closed)

s — /dt B/d1d2<3(1,2)|¢>1 (ii—H) @),

i 239/dld2d3<V3(1;2a3) [©), |‘1’>2\‘1’>3]

@ No gauge symmetry — no need to keep d = 26 or 10
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Introduction

oe

CFT for X*

@ No Lorentz symmetry — it should correspond to a string
theory in a Lorentz noninvariant background

X'+ ghost+ nontrivial CFT for X+
c= d—2 —26 28 —d

@ With all these variables we can construct a nilpotent BRST
charge.

Qs = f2dz (T + bede) + c.c.

™
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Introduction

oe

CFT for X*

@ No Lorentz symmetry — it should correspond to a string
theory in a Lorentz noninvariant background

X'+ ghost+ nontrivial CFT for X+
c= d—2 —26 28 —d

@ With all these variables we can construct a nilpotent BRST
charge.

Qs = f2dz (T + bede) + c.c.

™

We would like to construct the CFT for the longitudinal variables
X+ (X* CFT)
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Introduction
®000

Motivation

Light-cone gauge SFT for superstrings

s — /dt B/d1d2<3(1,2)|¢>1 (ii—H) @),

4 239/(11d2d3<%(1,2,3) [©), |<1’>2\‘1’>3]

propagator vertex

yields divergent results even for tree amplitudes.
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Introduction
oceoo

Amplitude

The amplitude diverges when two Tr's come close to each other.

A ~ /de0

@ How can one deal with the divergences in the light-cone gauge
SFT?
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Introduction
ocoeo

For general d

2moy

2ma

ds® = dpdp = OpOpdzdz

A~ / <1:1,2[ T ZI}TI_IIVLC>

Xe_%r[ln(apéﬁ)] H (82p(2’1)52ﬁ(21))7%

I=1.2

['[¢] = —1 [d*20¢¢: Liouville action
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Introduction

[e]e] o]

For general d

2moy

2ma

ds® = dpdp = OpOpdzdz

A~ / <1:1,2[ o) THC (2 >}ﬁvﬁc>

r=1

Xe_%r[ln(apéﬁ)] H (82p(2’1)52ﬁ(21))7%

I=1.2

¢~ @ T[(9097)] is needed because ¢ = d — 2,.
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Introduction

[e]e] o]

For general d

2moy

2ma

ds® = dpdp = OpOpdzdz

A~ / <1:1,2[ o) T (2 )Hi[VTLC>

r=1

Xe_%r[m((?péﬁ)] H (82p(2’1)52ﬁ(21))7%

I=1.2

e~ Tn(99)] pehaves as |21 — zz\*% in the limit 21 — 29, and

this amplitude is finite for large —d.
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Introduction
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Motivation

@ Dimensional regularization is possible.

o X* CFT — the dimensional regularization preserves

BRST on the worldsheet ~ gauge symmetry of SF

@ Using the CFT, one can show that the tree level (NS,NS)
sector amplitudes derived from the SFT coincide with the
results of the 1-st quantized formulation.

In collaboration with Y. Baba and K. Murakami (Riken)
arXiv:0906.3577 [hep-th] JHEP10(2009) 035
arXiv:0909.4675 [hep-th] JHEP to appear
arXiv:0911.3704 [hep-th]

arXiv:0912 ****
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Introduction
°

Plan of the talk

@ X* CFT (bosonic)

@ Light-cone gauge amplitudes
© X* CFT (super)

@ Dimensional regularization
© Outlook
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X= CFT (bosonic)
o

§1 X* CFT (bosonic)

We propose a 2d CFT with an action

Sxe = -5 / 2z (0XTOX~ +0X+0X")

d— 26
_|_

[[ln (0XT0X™)]

I" is the Liouville action

T{g] = —71T/d2z8q§8¢

@ We calculate the correlation functions starting from this action.
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X= CFT (bosonic)
ce

X= CFT

energy momentum tensor

d—26

Tx+(z) = 0XToX™ — D

{X7,2}

Schwarzian derivative

3+ 2y +\ 2
(X2} = 0°X 3<8X )

ox+ 2\ ax+

From the correlation functions, one can see that the energy-
momentum tensor satisfies the Virasoro algebra with ¢ = 28 — d.
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X= CFT (bosonic)
ce

X= CFT

energy momentum tensor

d—26
12

Tx=(z) = 0XToX — {X+, 2}

Schwarzian derivative

3 v+ 2 v+ 2
{X*,z} _ 0°X 3<8X )

ox+ 2\ ax+

Later, we will show that the tree amplitude of LC gauge SFT can be
described by using this CFT.
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X= CFT (bosonic)
©0000

Correlation functions

X should possess an nonzero expectation value.
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X= CFT (bosonic)
©0000

Correlation functions

X should possess an nonzero expectation value.
We always consider the theory in the presence of vertex operators
exp (—ipT X 7).

<F [X*, X ﬁe—iﬁx (ZT,ZT)>

r=1

N
z/[d}ﬁd}(‘] e SxrF (Xt X [[e X (2..2))

r=1
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X= CFT (bosonic)
©0000

Correlation functions

X should possess an nonzero expectation value.
We always consider the theory in the presence of vertex operators
exp (—ipT X 7).

<F [X*, X ﬂe—iﬁx (ZT,ZT)>

r=1

N
z/[d}ﬁd}(‘] e SxrF (Xt X [[e X (2..2))

r=1

Let us calculate the correlation function for a functional F'[X ] of
X,
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X= CFT (bosonic)
0®000

Correlation functions 1 F'[X ]

— / [dx*] e=Sx= P [x*] [[ e X (2., 2,)

r=1
1 _ _
Sxe = —5 / 2z (OXTOX~ +OXHOX")
d— 26

_l’_

I[n (0XT0X™)]

This should be considered as a Euclideanized version of a Lorentzian

path integral.
12 /40



/ [dX] exp( / d*2 X~ (aaX+ —~ mz p, 6% (2 Zﬁ))

4=, (ax+ax+)]>

24

x F [XT]exp <—

. N
—500(p(2) +5(2)) = miy_ plo*(z-Z)
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1 )

~ (det (99)) "' F [ 5 (p+p>] exp (—d;l%r [In (8p8p)])

N
p(z) = Zar In(z—2) (o =2p))
r=1
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X= CFT (bosonic)
00®00

Mandelstam mapping

This implies that X has an expectation value
(XT(22) ~ —5(p(2)+0(2)

N
p(z) = Zar In(z—2) (o =2p))
r=1

p (2) coincides with the Mandelstam mapping.

Al 1=
X
2ma; 2ras x Zy
X X
27 (%) 271'&4 Zg Zg
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X= CFT (bosonic)
00080

Remarks

1.<F (XTI, emivr X~ (2, Zr)> is used to express the tree am-
plitude corresponding to the light-cone diagram.

z
Zy 2
X
2Fa1 2#&3 x Z;
-
X X
27 Q2 27“14 Zg Zg
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X= CFT (bosonic)
00080

Remarks

. o — . . .
2.e7Pr X (ZT, Zr) corresponds to a hole with length 27a,., similar
to the macroscopic loop oprator in the old matrix models.

z L=
X
2Fa1 2#&3 x Z;
-
X X
27 Q2 27“14 Zg Zg

14/ 40



X= CFT (bosonic)
ocoooe

Correlation functions 2 X~ insertions

Correlation functions with X~ insertions can be calculated using
. + — — . .
<F [(XH I e X (2, Zr)> as a generating functional.

<F [X*] X~ (Zy, Zn) ]ﬁle—wi X (2, zr)>

r=1

~ i%< F[X*] He X (7, 2, )>
pr=0
) ] _ d— 26 =_
~ z@p; (F [—; (p+ p)] exp (—24F [In (6,08p)]>>

ph=0
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X= CFT (bosonic)
®00

Evaluation of I [In (9pdp) ]

One can derive all the correlation functions from T" [ln (6,055)].

Tlg] = —71T/d2z8¢8¢>

N
p(z) = Zarln(z—Zr)
r=1

0p (2) has poles at z ~ Z, and zeros at z ~ zJ.

2

Z =
X
z21 X Z
21y e . 4
22
¢ X X

27I‘ (67)] Zz Z3

ds? = dpdp = dpOpdzdz
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X= CFT (bosonic)
ceo

Evaluation of I [In (9pdp) ]

There are at least two ways to obtain T’ [ln (8p(§ﬁ)}.
1. Direct evaluation regularizing the singularities

z
7 Lz
'\X\, 21 ,-I V4
REACNE PR 7L
2mo; f .\’ .\’
PN 2R
‘\:,’ (X " X’\r
2T Zs ~ Z3

2. Integration of the variation 6I" under 7' — T+ 6T

17/ 40



X= CFT (bosonic)
ocoe

Evaluation of I [In (9pdp) ]

exp (=T [In (8p0p)]) = e W =221 Re NGg H ‘82p(z1)’73
I

4 4
e W = HI>J |Z[ - ZJ’ Hr>5 ‘Z’I‘ - Zs’
HT,I |Zr — ZI|4
N p(Z[) Qs
Ny = -S> %z -z
00 o Z o n ( s)
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X= CFT (bosonic)
ocoe

Evaluation of I [In (9pdp) ]

exp (=T [In (8p0p)]) = e W =221 Re NGg H ‘82p(21)’73
I

o220 Re Ngg
+6 9
‘Zs 1013 S HT‘>S|Z _ZS|
2
H'r’ 1 || HI>J |21 — 2]

exp( (ln (0p0p))) ~ |21 — 24|~ E for 21 — 2J
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X= CFT (bosonic)
0

Energy-momentum tensor

From the correlation functions of the energy-momentum tensor, we
can deduce
@ T'x=+ (z) is regular at the points where there are no operator
insertions.
e OPE

Ty (2)e "X (Z,, Z,) ~

21 X
27!'(11 211'043 Z4

271'(14

2Ty

ds? = dpdp = OpOpdzdz

19/ 40



X= CFT (bosonic)
oe

Energy-momentum tensor

OPE
OX*(2)0XT(2)) ~ regular
OX~()0X () ~ (z—lz)2
OX™()0X7(#) ~ _%8@’ (z—lz’)28X+(z):(;X+(z’)
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X= CFT (bosonic)
oe

Energy-momentum tensor

OPE
OX*(2)0XT(2)) ~ regular
OX~()0X () ~ (z—lz)2
OX™()0X7(#) ~ _%8@’ (z—lz’)28X+(z):(;X+(z’)

From these, one can deduce

1
T ()T () ~ 202 s (40T ()

20 /40



X= CFT (bosonic)
oe

Energy-momentum tensor

OPE
OX*(2)0XT(2)) ~ regular
OX~()0X () ~ (z_12)2
OX™()0X7(#) ~ _%8@’ (z—lz’)28X+(z)18X+(z’)

From these, one can deduce

1
T ()T () ~ 202 s (40T ()

T'x+ satisfies the Virasoro algebra with ¢ =28 — d
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LC gauge amplitudes
®00

§2 Light-cone gauge amplitudes

We would like to show that the X CFT can be used to describe
LC string theory in d # 26 dimensions.

@ We consider bosonic closed string field theory for d # 26.

@ We show that the tree amplitude can be written in a BRST
invariant form using the X* CFT.

21/40



LC gauge amplitudes
ceo

String field action for d # 26

action

s — /dt B/d1d2<}z(1,2)|q>>1 (iiH) @),

n Q?f’/d1d2d3<%(1,2,3) @)y |<1>>2\‘1’>3]
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LC gauge amplitudes
ceo

String field action for d # 26

action

s — /dt B/d1d2<}z(1,2)|q>>1 (iiH) @),

n Q?f’/d1d2d3<%(1,2,3) @)y |<1>>2\‘1’>3]

ardo, dd72pr

A (27)072

a—147r5 (a1 + a9) (27T)d 25 (p1 +p2)12 (0] € B2

—Z ( )ai® 4 giDgi2 ))

Lgcm) ZLC(2)  d—2

+L 12
a2
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LC gauge amplitudes
ceo

String field action for d # 26

action

s — /dt B/d1d2<}z(1,2)|q>>1 (iiH) @),

n Q?f’/d1d2d3<%(1,2,3) @)y |<1>>2\‘1’>3]

(V3(1,2,3)] = 47T5<204r> (2m)2 54 2<ZPT>
x (VPP (1,2,3)] e T7123)

a—2

9% 1
—r3(1,2,3) e 20X 5y
e “2) = ggn (o)
1203

22 /40



LC gauge amplitudes
ocoe

Light-cone gauge amplitudes

With this choice of the action, tree amplitudes in the LC gauge
SFT is given as

N
A~ /Hd27} <H VTLC> o 2T [in(90p))]
1 r=1 Xi

o Lz
X X V“LC
VgLC x ‘ x VaLC

ds® = dpdp = 8pOpdzdz

@ We would like to recast the amplitude into a BRST invariant
form using the X+ CFT.
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LC gauge amplitudes
0000

X* and ghost

o~ 52T [In(00p)]
_ 2527 [m(o0p)]

N 1
X H |O‘T‘|_1 e 2"
r=1

2

e 2T Re NG T |0%p(21)|
I

N
E osZs
s=1
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LC gauge amplitudes
0000

* and ghost

e

21 (007)]
- d;424 r [ln(ﬁpéﬁ)]

=€

N
x ]?I ker_le W
r=1

e~ 23001 Re NGy [119%0(z0) =
I

N
E s
s=1

2 2
—%W: HI>J|ZI_ZJ’ Hr>s|Z7“_ZS‘
Hr,[ ‘Z” - 21’2

N / [d (ghost)] e~ <lim 146(2)5(z)>

e
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LC gauge amplitudes
®000

X* and ghost

o~ 5. T[In(0p0p)]
— o 51T [In(000p)]

N 1
X H la,| " te 2V
r=1

2
2SN T ()|
I

N
g s
s=1

e~ 45T In(0007)] / [axt] e Sx [[ e X (2,,2,)

24 /40



LC gauge amplitudes
0000

X* and ghost

o~ 5. T[In(0p0p)]
— o 51T [In(000p)]

al 1
X | | la,|"te2W
r=1

2
e 2T Re NG T |0%p(21)|
I

N
g s
s=1

N _
N / [dX*] e~ Sxe H (e—ipiX* (20, Z) a7 e—2ReN&§>
r=1
2
« fataoso) e [0z (tim e)e(2)
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LC gauge amplitudes
0®00

* and ghost

Substituting this, we obtain
N —
<H VTLC> o~ 5T [In(0p0p)]
r=1 Xi

~ / [dX"d (ghost)] e~ 5X ~Se

5047"7"

N ‘/[AJ int X — NTT =
X Cérie_Zer —2ReN00 (Zra Zr)
1

25 /40



LC gauge amplitudes
0®00

X* and ghost

Substituting this, we obtain

N -
<H VTLC> o~ 5T [In(0p0p)]
r=1 Xi

2 -
. 1 _ b b _
<<ZILHC}O WC (2) (2’)> 1;[ (82/)(21)52/3(21)>

N VLC _
y H (Cére—ipix—2ReN65> (2, ZT)>
=1

™

~y

Z o Ly

Qy
r—=

XH.b,c

25 /40



LC gauge amplitudes
0080

BRST invariant form

A = /Hd27}<ﬂ VTLC> o~ 5T [In(0p0p)]
I r=1 X
2
~ [Tl¢n|> ez
1 r

X
T
N

T“ﬁ
gE
=

T~
o

0
o

b b
)11 (mpw%(m)
N
y H <Cé‘/§6_¢pix——2ReN55> (ZT,ZT)>

XH b,
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LC gauge amplitudes
0080

BRST invariant form

N
A = /Hdzq} <H VTLC> o~ 52T [In(9p37)]
I r=1 X

2

N VLC _
% H <Cére—z’pjx——2ReNgg> (Zr,Zr)>
=1

XH b,

Replacing p + p by 20X in the braces
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LC gauge amplitudes
0080

BRST invariant form

N
A = /Hsz]-I <H VTLC> o~ 5T [In(0p0p)]
I r=1 X
2
~ [Tl¢n|> ez
I T
! o b b,
. <<J£20 @) 11 (mpw%(m)
N
y H <05V506_¢pix——2ReN55> (ZT,ZT)>

r=1

XH b,

rewriting 8%[)(21) as ¢ %%(z) and deforming the contour we ob-
tain
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LC gauge amplitudes
oooe

BRST invariant form
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LC gauge amplitudes
oooe

BRST invariant form

N 3 N
H /d2Zr,= <H V/DDF ZT,ZT) H ‘/T/DDF (Zryzr)
r=4 r=1 r=4

N

A=26XTN () ()
XHexp (Z 24 p,j‘) (Z[ y 2T )
r=1
‘/T/DDF = . ‘/TDDF exp d 26 X+ .
24 pf

VPPF is the DDF operator which corresponds to V-C.
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LC gauge amplitudes
oooe

BRST invariant form

24 24
primary field of weight (1,1)

: d—2 d—2
VPPE . primary field of weight (, >
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LC gauge amplitudes
oooe

BRST invariant form

'd726§> (zy),éy)) commutes with Tx+, Q.
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LC gauge amplitudes
oooe

BRST invariant form

N 3 N
A~ H/dQZT <H1(chDDF) (Z,,Z,) H4VT’DDF (Zy, Zr)
r=4 r= r=
N
d—26X+> (1) (r)
X I )
THIGXP<Z 24 pt (1 f)

This form of the amplitude is BRST invariant.

27 /40



LC gauge amplitudes
oooe

BRST invariant form

r=4
d—26 X+ r) -
XHeXp( pr>(§)’z§)>>

The LC gauge SFT in d dimensions is described by the worldsheet
theory

N 3
H/dQZ,, <H (ceVPPYY (Z,, 2, HV’DDF (Zy, Zr)
=4 r=1

X 4 ghost + X*CFT

27 /40



X* CFT (super)
00

§3 X= CFT (super)

Let us consider the supersymmetric generalization of the results so
far.
superspace coordinate
z = (z,0)
superfield
X* (2,2) = 2 +i0yp™ +i0pT + i00FF
covariant derivative
D = 0y + 00,

It is convenient to introduce
DX+
0% (z) = ——— (2)
(0XT)2
so that the map z = (z,0) — X (z) = (X (z),0" (z)) is a
superconformal mapping.
28 / 40



X* CFT (super)
oceo

X* CFT (super)

We propose a superconformal field theory with an action

d—10

1 _ _
Sxz = —o / d’z (DX*DX~ + DX DX*) + Lsuper (@]
™

Lsuper [@] is the super Liouville action

1 _
1—‘super [(I)] == —27T/d2ZD(I)D(I)

®(z2) = In (_4 (DOY)? (z) (DO)? (z))
@ We calculate the correlation functions starting from this action.
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X* CFT (super)
ooe

X* CFT (super)

energy-momentum tensor

d—10

1 1
Tx+(z) = §DX+6X_ + 5DX—<5>X+ - S(z, X7)

super Schwarzian derivative

D*et _DetD2et
por 2 (DO+)2

S(Z,XJLF) =

@ From the correlation functions, one can see that the
energy-momentum tensor satisfies the Virasoro algebra with
¢c=12—d.

30/ 40



X* CFT (super)
.

Correlation functions

Calculations are essentially the same as those in the bosonic case.

(LT 2.2 )

r=1
(o ﬁ)] exp <_d_8101“5“per i (0g)° (DQQ)D

super Mandelstam mapping

NF[

N
p(z) = Zarln(z —-Z,)
r=1

=L

£(z) =
(9p)2

where
! ! /
z—7 =2z—2 —00
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X* CFT (super)
0

Evaluation of I'gyper

Much more complicated compared with the bosonic case.

7 1=
omay x Z.1 . Xz
7
. X X
2moy Zy Z3
interaction points z;
10%DpDp 10%pDp
0 - = =0 oD - = =0
p(z1) 2 0% (zr) ) p(zr) 6 92p (z1)

zy is different from the naive generalization z; satisfying dp (z;) =
0 ,aDp (2]) =0.
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X* CFT (super)
0

Evaluation of I'gyper

Much more complicated compared with the bosonic case.

Zy E2
X
2 X
2ray 2mag .1 . Za
Z2
* 2wy x x
27 Qg Zg Z?,

This is because of the presence of the odd supermoduli & =

Fr(zr) # 0.

(é’2
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X* CFT (super)
0

Evaluation of I'gyper

Much more complicated compared with the bosonic case.

Zy E2
X
2 X
2ray 2mag .1 . Za
Z2
* 2wy x x
27 Qg Zg Z?,

Although it is very complicated, it is possible to evaluate I'gyper.
(Berkovits, Baba-Murakami-N.1.)
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X* CFT (super)
oe

Evaluation of I'gyper

3 9 1303DpDp 8 0%p0*DpDp)\ .
Z In(0% — — = (z1)
9 O 3 (9%)

~Waper = > I (Zy — Zs)+ > PrPyIn(z; — )

r>s 1>J
=Y Prin(Z, - z)
ro I
0?DpDp ..~ Dp,. = =
P = 14— (271)0r + ——(21) 01D
T 02p)° (z1) Or 82p( 1) 01Dy
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X~ CFT (super)
oe

Evaluation of I'gyper

32111 92 _EagDpr §83P82DPD:0 (i)
T T3 @ )™
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X* CFT (super)
0

Energy-momentum tensor

In principle, one can evaluate all the correlation functions starting
from guper-
From the correlation functions, we can see

@ T’y is regular at the points where no operators are inserted.

e OPE
Tth (Z)e_iij7 (Z'r; Zr)
1 1 ot X = -0 by _
P )+ e .2

34 /40



X* CFT (super)
oe

Energy-momentum tensor

Tx+ satisfies super Virasoro algebra with ¢ =12 — d

Tx=+ (z) Tx=+ (z/)

12—d 6—6" 3
~ °r '
4(z—2)? * (z —z/)*2 x ()
1 1 0—6
+ Z Z’?DTXi (Z,) + 7 — Z,aTxi (Z/)

With the ghost superfield
B(z) = () + 0b(z) ,C(z) = c(2) + 6v(2) and the transverse
variables X" (z,Z), one can construct a nilpotent BRST charge

[ d= Lo iy 1 2
QB_fm [—0 (Txi - 5DX 8X>+ (CaC— 1 (PO >B]
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Dimensional regularization

[ Jelele]

§4 Dimensional regularization

Tree amplitudes for superstrings with (NS,NS) external lines

_ N
A~ f [J7 <H [T%C<zf>T1%C<zf>}Tr[leC>

< [T (%0 (zr) 85 (z1)) " T ln(0097)]

1

Xi#}i

A~ / drde | | .
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Dimensional regularization

[e] Jele]

Dimensional regularization

Longitudinal variables and ghosts are introduced and

3 ~
Ay~ <H |cee™ VPP (2, 2,)]

r=1

N N 3
<1 / d?Z, H e OPVPPY (7,,2,)
r=4
X H [X(z T
I

N o a10 iy
]H e z&’“%z§>>>

the picture changing operator

o X(Z) = {QB; E(Z)}

_d— IOLXJr
o V/DDF . DDF,~ 16 of a superconformal primary with
37 /40
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Dimensional regularization
coeo

Dimensional regularization

Everything is BRST invariant. By standard procedure

Ay~ <H[cée‘¢_‘£VTIDDF]
r=1
x{Qs, ¢{@Qu, &z o7ovPPr L}

N N -
X H /dZZr H {QB s 6 {QB 3 56_¢_¢‘/3/DDF}}
r=4 r=4

N g_10 s
<JTe ™ P¢X+<z¥>,z§’“>>>
r=1

For sufficiently large —d, we do not encounter any divergences.
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Dimensional regularization
ocooe

Dimensional regulzarization

In this form, the amplitude is not divergent even in the limit
d — 10 and we obtain

An ~ <H{cée_¢_‘$‘/¥DDF}

r—1
X {QB , € {QB, 505€_¢_$‘/},,DDF}}

x H/d2 Qs 5{QB,£eWWDDF}}>

which coincides with the result of the first quantized formalism.
Therefore we get the right answer without adding any contact term
interactions as counterterms.
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Outlook
.

§5 Outlook

We have invented yet another way to realize string theories in
noncritical dimensions.

@ Dimensional regularization works without any contact term
interactions.

@ Ramond sector
e multi-loop amplitudes

@ BRST invariant formulation o = 2p*™ HKKO, covariantized
light-cone, ...
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