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String Field Theory (SFT)

vertex

vertex i | propagator | |

e The amplitudes in string theory are expressed by Feynman diagrams =
worldsheets~Riemann surfaces

e In order to construct an SFT, we should define a rule to cut all the
worldsheets into propagators and vertices systematically.

e In general, we need infinitely many vertices to do so.
S=¢Kp+¢>+dt+-+hp+-

e Such a theory can be studied by using the homotopy algebra methods.
(Zwiebach, ...)
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SFT with only three string vertices

We would like to find out a way to construct an SFT as simple as

S=¢K¢+¢®

e So far, there exist essentially two known rules for which the theory looks
like that.

LC type Witten type

propagator

vertex

e We would like to find out yet another rule.
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SFT with only three string vertices

LC type Witten type

i propagator

i propagator |

vertex

e SFT's for bosonic strings were constructed using these rules.

S=0Kd+¢°

e Light-cone gauge SFT(Kaku-Kikkawa), o = p* HIKKO (Kugo-Zwiebach
theory), covariantized light-cone
e Witten's SFT
e These rules do not work for superstrings, because of the “spurious
singularity” problem.
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The pants decomposition

a pair of pants
% b
\ L2

11 vertex

propagator

e A Riemann surface with 2g —2+n > 0 admits a hyperbolic metric such that
the boundaries are geodesics. (cf. Moosavian-Pius, Costello-Zwiebach)

e It can be decomposed into pairs of pants whose boundaries are geodesics.
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An SFT based on the pants decomposition?

I

AN

e We may be able to construct an SFT based on the pants decomposition at

propagator

least for closed bosonic strings
S=¢K¢+¢’

e The SFT will be quite different from the usual ones.
e The string field |¢(L)) depends on the length L of the string

e We may consider (L)) as an operator from which we can derive various
properties of the particles.

e The kinetic term should be different from the conventional one

(¢1Qc5|¢)
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An SFT based on the pants decomposition?

S=¢K¢+¢®

e This action does not work. (D'Hoker-Gross)
e One-loop one point amplitudes diverge because the pants decomposition is
not unique. - - -
’/fi - )\\ /F - \\ /::f,,,,, »\\\ [
(o~ \ NN e A= ooX <«

AN S \\1 - _ -

e The decompositions are related by modular transformations.
e Most of the amplitudes diverge in the same way.

e We cannot construct the action.
We should take an alternative approach.—the Fokker-Planck formalism
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The Fokker-Planck formalism

® Euclidean field theory: action S[¢]

[dole N p(x1)p(x)
[ld¢le-S1#]

((z1)d(zn)) =
® Fokker-Planck formalism
(@(z1)¢(wn)) = lim (O™ "FF §(x1)-d(2)|0)
[#(z), p(¥)] = 8(z - v),[#, 7] = [¢,8] =0
(0ld(z) = #(x)|0) = 0
N . 5SS -\
Hyp :—fdac (Tr(z)+ m[qﬁ])w(m)
® path integral: action Irp[¢, 7]

[ ldrdgle”"FP ¢(0,1)-¢(0, xn)
[[drdple~trp

IFp:/de[—fdchrBT(b+HFp]
0]

(p(z1)d(zn)) =
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In this talk

e | would like to show that it is possible to construct an SFT for closed
bosonic strings based on the pants decomposition via the Fokker-Planck
formalism.

Iep[¢, 7, 7]
- fomdr [—fg‘x’dL<R|7ra(T,L))§|¢”(T,L))+H(T)
+ [T aL((RIQ (. LA (r, L>>+<R\T“<T,L)>\AZ(T,L)>)]
o A2, M\ auxiliary fields

e This action consists of kinetic terms and three string interaction terms.
e S[¢] is not well-defined in our setup.

Based on PTEP 2023,023B05 (2023)
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This talk

one matrix model

Eynard-Orantin (2007)

Fukuma-Kawai-Nakayama
Saad-Shenker-Stanford (2019)

Dijkgraaf-Verlinde-Verlinde

(2,3) (2,00)

(1990)
T —_— Mirzakhani recursion > A recursion relation for
P eq (2007) closed bosonic strings
Kawai-NI (1993) l l NI ¢
SFT in FP formalism SFT in FP formalism SFT in FP formalism

:

BRST invariant
formulation
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Plan of the talk

1. Mirzakhani recursion

2. A recursion relation for the off-shell amplitudes of closed bosonic strings
3. The Fokker-Planck formalism

4. BRST invariant formulation

5. Conclusions
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1. Mirzakhani recursion



1. Mirzakhani recursion

Eynard-Orantin (2007)
Saad-Shenker-Stanford (2019)

Fukuma-Kawai-Nakayama
Dijkgraaf-Verlinde-Verlinde
(1990)
A recursion relation for

closed bosonic strings

'

SFT in FP formalism SFT in FP formalism SFT in FP formalism

'

BRST invariant
formulation

Mirzakhani recursion

loop equation
ped (2007)

—_—

Kawai-NI (1993) l

e Reviews: Moosavian-Pius, Do arXiv:1103.4674 [math], Huang
arXiv:1509.06880 [math.GT]

12/39



Mirzakhani recursion

The volume of the moduli space of Riemann surfaces with genus g and n
boundaries (2g — 2 + n > 0) whose lengths are L1, -+, L,, is given by

Vonins) = [ T1

[ldl d@]

e The moduli space of Riemann surfaces (genus g, n boundaries) is
parametrized by the coordinates (I,;0s) (s=1,--,3g -3 +n).
e [ denotes the length of a nonperipheral boundary and 65 is the twist angle
in a pants decomposition.
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Modular invariance

[ldl d@]

VoLt = Ln) = [ T]

e Integrating over 0 < [ < oo, the integral diverges.

e The pants decomposition is not unique. There are infinitely many pants
decomposition related by modular transformations.

—\ /N & / /2” didg

e \We should integrate over the fundamental domain F, which is very

complicated in general.

Va1, Ln) = [ T1

[ldl d9]
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McShane identity (g=n=1,L =0)

N (N
) e/

e McShane identity (1998): for f(I) = —2;

1+el

1= > f(v-0)

~emodular group

e Vi1 can be calculated multiplying this by [, % (Mirzakhani)

VL](O)

1dldo ldlde
= > ) —
/]—' 2m /_7—‘ = o0 2T

- ld(y-1)d(y-0) B ldlde
fF;m-wi% —gfwfa)—%

dldol 2 w2

2r l+el 6
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Generalized McShane identity

e Mirzakhani obtained identities for general g,n with 2g -2 +n > 0.

L, = Z Driii; + Z Z (Tr,ra, + Driza,)

{v.0}ec a=2~€C,

/L

Dypr = 2<log(6% +e s )7log(6_% +et ))

" ,
cosh £° + cosh "*2"

—T T I—I7
cosh LT + cosh %

Topr =
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Mirzakhani recursion relation

Multiplying

n
Ly = Z DLll”(l5 + Z Z (TLlLal'y + DLlLalﬂ/)
{~v,6}e€r a=2ye6q

lodlsdf,
by [ I1, [7* i ] we get
1 oo &
LVyn1(L,L) = 5/ dL/L’/ dL"L" Dy Vg-1nta (L', L", L)
-10 - Jo -
+5 / ar'r’ / AL" L' Dy Y Vy iy (L L1)Voy my (L7, L)
© © stable

n 00
30 [T Ty + i) Ve LEAL)
a=1"0

e One can calculate Vg, (L1,-+, Ly,) by solving this equation.
e The right hand side consists of quantities with less 2g — 2 + n.
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Mirzakhani recursion relation

" lsdlsdfs
/]-'1:[ { 2 } )
> Drag+ Z > (Tw,ra, +Dryra,)

{v.0}eCy a=27€Cq

lsdlsdf
/ 11 [ “om } > (Tripa, +Dryra)
f s

v€Ca

l dl do.,
= Z (T, Lty + Dryna,) X e
VECa

=/ dll(Tr, .1+ Dr,1,1)Vyn(l, L\L,)
20 [
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2. A recursion relation for the off-shell
amplitudes of closed bosonic strings




2. A recursion relation for the off-shell amplitudes of closed bosonic strings

Eynard-Orantin (2007)
Saad-Shenker-Stanford (2019)

Fukuma-Kawai-Nakayama
Dijkgraaf-Verlinde-Verlinde,
(1990)

(2,00)

(2,3)
Mirzakhani recursion

(2007)

—_—

loop equation

Kawai-NI (1993) l NI

SET in FP formalism SFT in FP formalism

A recursion relation for
closed bosonic strings

SFT in FP formalism

'

BRST invariant

formulation
Liedn I
LlAg?n = L1G" 2(sg,l)(sn,Z
1onrs ' I3 1, ’ LT, 17, I'T:
+§D GGy | Ay ""z T = D)l(na — 1>!Ag| Ay

n
Z I, Ilyedge1
+ EaT 1fa G]IA_(]_'/y;,Alﬂ n

a=2
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Amplitudes in string theory

L,

Ly

Ls

e In string theory, the amplitudes are given by integrals over the moduli
space of Riemann surfaces

Asn= [ TT (a0 ) (T] (021 )8(35.)) Via Vi, )

e |t is conceivable that we can derive a recursion relation for these
amplitudes in the same way as we did for the recursion relation for

Vo (L1, Ln )_fn[ldl dH]
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The recursion relation

Lydlydf
generalized McShane identity / H [%] X
7 recursion relation for

Li= > Duug+. Y (Tor, +Dirt,) ———— Vol L) = [ ] 1odlydo,
{~v.6}eC1 a=2~€C, FRACSIE yblm) = - 727r

/Hmﬂa@]mmw@jw_n >x
JF s s

recursion relation for

At = /f [T dt.ae, <1'[ [6(3,)b(05.)] Vi, V>

LiAT = LiG"26,00,0
1 4 4 P £ /] Ty
2DI‘J JGJ[GJ’I’ |:Aé1 {.zn Iln § /(nl I, 1II| 1'Ty

Dl(ny — 1)1 oo foma

n
~ ol oy IIye Qg1
+§ T Gy iy
a=2
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Details 1:The off-shell amplitudes

> grl %
S

e The off-shell amplitudes on X can be defined using gr’_X.
(Costello-Zwiebach)

Asn = [ TT1dtsdb, ] {TT [0, )6(00,)] ViV,

s

e We can use the coordinates [, 05 to parameterize the moduli space of the
punctured Riemann surface. (Mondello)
o For states |p'a)

0;,(0)|0) in the state space of the bosonic string (in any
background), satisfying

(bo = bo)lp**) = (Lo - Lo)|¢**) = 0
Vi, ~ Wq L Ouia (0)[0)
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Details 2: b-ghost insertions

Agn= | TT (et T 15001, 20.)] Vs Vi)

e b(0.,),b(De,) are constructed following the standard prescription. (Sen
2015, Erbin’s book, ...)
e They are expressed by the variations of the transition functions between
local patches.
e In our case, we can take the patches to be the pairs of pants.
e Since a pair of pants~ C — U Dy, we take z on C as the local coordinate.
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b-ghost insertions

WW! = -7+

\

Wy
. b@) = bs(d)+bs (D)
S Ty o de oWy (OWi\ T
e bﬁ(dl)**?isﬁ ol ( EP ) b(z) + c.c.
hooow 42 oWy, [OW\ "
5/ (9) = — b(2') + c.c.
b ==¢ srial (~) 1&)<ree
’ L\\ — 7 b(@) = by — by on the cylinder
Wo

e The explicit forms of Wy (z) are given in terms of the hypergeometric
function (Firat, Hadasz-Jaskolski)

e b(0;) has contributions from two adjacent pairs of pants.
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Details 3: The recursion relation

lsdlsdfs
SIS e
Z Dryis + Z z (Try Loty + Dry1a1,)

{v,6}€Cy a=2~€C,
l Ly

7
Lodlsdt, (Try L., + Dryr,,) %
/f H 2w

s vECa La

L \
lydl,df,
—Z/ (T, Loty + DryL,i,) ></
~

v€Ca
La

Y

g | g = F x| @ ps@n) + b@bs@n) |

b(0, ) (bs(Ar,) + bs:(01,))
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The recursion relation

g f s E x| oo es@n) b s(er,)

b0y, (bs(21,) + bs:(@1,)) ¢ i

e The string field is labeled by (i, L,a) =T (a = =)

Al /f T 190.6.] T (01,)6(@0.)] Ba - B, Vs -+~ Vi)

B = 1 ag =+
aq = 2 (a) _ (@)
x (b((,“) b<a))b5 (v, )f2 420 eiba (L™ —Lg ) Qa=-—

L1A§f;'1" = LiG""26,00n
1 .5 II' Iz 1, LT 53 e
+§D YAG Gy A,] 1nti +Z mAgh‘mAﬂ e
n
+ZE{LTIIIQJG Af,lfb 1Ia Tn
a=2
Thizls = Ty (B B, Be,ViVizVia)
D[ljzjs = DLILZL.;<BﬂlB“2B"3V“Vi2V13>
Gri, = (5 1¢5)(=1)"26(L1 — L2)day —as »
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3. The Fokker-Planck formalism




3. The Fokker-Planck formalism

one matrix model

Eynard-Orantin (2007)

Fukuma-Kawai-Nakayama
Saad-Shenker-Stanford (2019)

Dijkgraaf-Verlinde-Verlinde,

B 2,00
ke (2,3) (2,00)

Mirzakhani recursion 3 A recursion relation for

loop equation (2007) closed bosonic strings

Kawai-NI (1993) l NI

SFT in FP formalism SET in FP formalism SEFT in FP formalism

BRST invariant
formulation

Hpp = —LiapGll+ Ll
*EgsDHI GrrxnGrrd® 6% 7

- e
—gs T Grogen ™ dpiiey
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The Fokker-Planck formalism

Ih--T I I
LiAgy = LiG™26,,00n,2

Loy II' L1, EL,T. IT, JI'T
+5 DG G Ay,lf,b+1+z e ‘22 TyiAst i Agan

92,n2

n
+ Z €aTIII“']GJ1Allz:l“ml"

gn—1
a=2

e One can derive the amplitudes Aq In perturbatively solving this equation.

e This equation can be regarded as the Schwinger-Dyson equation of string
theory.

e We may be able to construct an SFT from this equation.

e This equation can be turned into an SFT in the FP formalism via the
method developed by Kawai-NI, Jevicki-Rodrigues,
Fukuma-Kawai-Ninomiya-NI,
Ikehara-Kawai-Mogami-Nakayama-Sasakura-NI , lkehara, .....
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The Fokker-Planck formalism for closed bosonic strings

e The off-shell amplitudes e The Fokker-Planck formalism
Iy I 2 —7Hypp 30 . 2l
oh - g™ Tim (0]~ 31 3 0)
oo
(oh - glnye = Zg:gf‘ernAéfT-;J" (71, 0%] = 6,K
9=0 [t k] = [, 951 =0

(0]* = #7]0) = 0

* The recursion relation * SD equation
TI<<6J1¢'>> —0 - HFP[%, J] Tlggo«o‘e—rﬁppeh& o) =0
HFp[ﬁ, J = JT! [
Tl = —L(}’/’,/',/JrL% ' i .
%ysI)”"”GI”K,/GI,K,#;]W Jim 07 (0le™ " FPI® TGN .. G [0)) =0
—g T Grogen Jp M‘i(” (=il
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The Fokker-Planck formalism for closed bosonic strings

Hep = T'#;
= —LaipGl T+ Lo s
1 ' AR AR
_§gSD GI//KHGI/K/gb d) ™

'’ AR .
_gsT GI”K”d) TTr
I ~ Ir e
™ = —LapG" +L¢

1 II’I” K/, AK/
7§gsD GrgnGrgi¢~ ¢
~ I’

Ir'r’ K" .
_gST GIIIKII ¢ 7TII

«lel'“(z)ln » _ 711_{210«0|€_THFP(Z)11“‘(ZEIn‘O»

e The Hamiltonian consists of the kinetic terms and the three string
interaction terms.
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The action S[¢]

e It is possible to (formally) define the action S[¢].
-S16]

Trda]est = im0l 5(6 - 4)10)

[[dg]e 1gn..pln
[Tdg]e-5Te]

= lim ()™ [ [d83(¢ - $)6" 9" (0)

= lim (0le™™7 "1™ |0)

' I

e One can calculate S[¢" | perturbatively.

1 S Iy ” ’
S[6") = 5G1e'¢" - LA CriGrsGrrmd” 6" ¢’
+ &TII’I”GI/I//G[‘](ﬁJ P 0(952)

L
[LGIJ +gSTIJI'GI,J,¢J']L5;
¢
1

I IIIIN J// J/ II/III
=L¢ - 5gsD GryGrrgng® ¢° +gsT G
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The action S[¢]

S[¢"] = ¢* + g5 + g + - - -

D’Hoker-Gross \ N

(OO—l)X N 4

o S[¢'] is divergent and ill defined.
e The 1 loop 1 point amplitude

A=ocox [« \—(co—=1)x [~ | =

e S[¢'] includes infinitely many divergent counterterms.

e FP formalism breaks the modular invariance.

( >\ [ N\
/ \ / N/ \
\ / \ / \
| > ) (e ) (e
/ o\ )
AN e \ /// N e

32/39



4. BRST invariant formulation




4. BRST invariant formulation

Eynard-Orantin (2007)
Saad-Shenker-Stanford (2019)

Fukuma-Kawai-Nakayama

Dijkgraat-Verlinde-Verlinde /(2 3) (2,00)

(1990)
loon equation Mirzakhani recursion A recursion relation for
ped (2007) closed bosonic strings
Kawai-NT (1093) l l NI ¢
SFT in FP formalism SFT in FP formalism SFT in FP formalism

BRST invariant
formulation

Ipp[d),ﬂ',A]
0o 0o o, .
:/0 dr [7/ dL(R\?Ta(T,L»Ekb (r,L)) + H(T)

0

+ [ 4L (RIQAr YA, L) + (RIT (L) ()
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BRST symmetry on the worldsheet

e We need the worldsheet BRST symmetry to define the physical states with
positive norm.

Qlphys.) = 0
[~ D+l
e In order to discuss this symmetry, we change the notation
lp™(L)) = Zdy\@f)
o (L)) = Yleofs
Hpp = f0°° dLL [(R|¢™ (L))|wa (L)) = (Rlma (L))|m-a (L))]

1 2 3
’gsfdleLQdL?)(TLQLSLl‘BfD(lBQZBQ:SI‘ﬁal(Ll))l‘ﬂag(LQ))Qlﬂ'a_g(LS))S

1
*595fdledeL?,(DLngLQlB}alB§a2323|¢a1(L1))1|¢a2(Lz))z\ng(La))?:
e The BRST transformation

del@™ (L)) = gecgby PQIO™ (L)) dc|mi (L)) = €Qlm+ (L)) — ebg POL|m—(L))
el (L)) = €Qle™ (L)) — ebg POLI$T (L)) de|m-(L)) = gecgby PQlm_(L))
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H is not BRST invariant

e Hpp is not BRST invariant.

o If it were, FP formalism would be modular invariant
e Let Q be the generator of the BRST transformation

6frp = [Q. Arp) = [ dL((RIQ™(D))ira (L) + (RIT*(L))Q: Ina(L))])

Hrp = [O “ dL(R|T* (L))lma (L))
19 (L)) = [Q,|T* (L))]

e The amplitudes are invariant, because |Q%(L)),|T*(L)) are “null
quantities” satisfying

[ 1 ol | |7 (2)) <0

0

[ 1m (0l 1@* (2))

and do not contribute in limf_,oo((0|e’TﬁFP¢A511-~-<;31"|0)).
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BRST invariant formulation

e We can modify the Hamiltonian by introducing the auxiliary fields
A2 (L)), IAT (L)) so that it becomes BRST invariant and still yields the
correct amplitudes.

fizp > frp + [ 7 dL((RIQ™ (LIS (L)) + (RIT™ (L)AL (1))
sfipe = [T dL ((RIQ”(L))lma (L)) + (RIT™ (L)Q: [ma (L))])

e The action

B = _[Omdr[ffomdL(R\ﬂa(‘r,L))%M)“(T,L))+H(T)
e [ AL ((rQ” (r LIRS 1)+ (RIT™ (LT (1) |

e This action is invariant under the BRST transformation.
e |t consists of kinetic terms and three string interaction terms.
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5. Conclusions




5. Conclusions

Irp[¢, 7, ]

oo oo o o
- [ df[—[o dL(Rima (7, L)) 516" (7, L)) + H(r)

+f0°°dL(<R|Q“<r,L>>|A?<r,L>>+<R|T“<T,L>>|AZ(T,L>>)]

e We have constructed an SFT for closed bosonic strings based on the pants
decomposition via the Fokker-Planck formalism.

e The action consists of kinetic terms and three string interaction terms.
e |t is manifestly invariant under a nilpotent BRST transformation and we can
define the physical states using it.

e How can one interpret the procedure to select the physical states in terms
of the 2nd quantized language?

e SFT for superstrings?
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